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The Dirac equation for charged and neutral fermions with anomalous magnetic moments is solved
in a uniform magnetic field. We find the relativistic wave functions and energy spectra. In the non–
relativistic limit the wave functions and energy spectra of charged fermions agree with the known
solutions of the Schro¨dinger equation.
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1. Introduction
The quantum field theoretic problem of the motion of charged fermions with spin 12 in a uniform magnetic field has
been solved in the pioneering papers by Johnson and Lippmann [1]. The wave functions and energy spectra of the
charged fermions have been obtained as solutions of the Dirac equation at the neglect of the Pauli term, describing the
interaction of the anomalous magnetic moment of the fermion with a uniform magnetic field [2]. The results, obtained
in [1], have been applied to the analysis of the neutron decay rates in very strong magnetic fields with field strengths
of order of B ∼ 1012T [3]–[6]. Such strong magnetic fields may exist in neutron stars and white dwarfs [3]. The
solution of the Dirac equation with the Pauli term for charged and neutral fermions with spin 12 has been proposed
in [7]–[9]. In [7] only the relativistic energy spectra of charged fermions with the Pauli energy splitting were found,
which are caused by the interaction of the anomalous magnetic moments of fermions with a uniform magnetic field. In
[8] and [9] the relativistic energy spectra and the relativistic wave functions of charged fermions (see [8]) and charged
and neutral fermions (see [9]) with anomalous magnetic moments were found in the “number of state” representation,
reducing the problem of the motion of fermions with anomalous magnetic moments in a uniform magnetic field to the
harmonic oscillator problem [10, 11].
In this paper we propose a detailed solution of the Dirac equation with the Pauli term for fermions with spin 12
and anomalous magnetic moment κ. The fermions are either charged Ze with Z > 0 and Z < 0 for positively and
negatively charged fermions, where e is the proton charge, or neutral with Z = 0, respectively. The solution of the
Dirac equation runs as follows. We reduce the system of first order differential equations for coupled up and down
components of the Dirac wave functions to the fourth order differential equations for the decoupled components, which
in turn can be transformed into a system of second order differential equations for the decoupled spin up and spin
down components of the Dirac wave functions. The solutions of these second order differential equations give correct
relativistic energy spectra, splitted due to the interaction of the anomalous magnetic moments of fermions with a
uniform magnetic field. The system of first order differential equations is used for the calculation of the normalisation
constants of the relativistic wave functions. The obtained relativistic wave functions and energy spectra possess
well–known non–relativistic limits [11]. We would like to note that our technique is similar to that, which has been
used in [7]. Nevertheless, our intermediate calculations are much simpler as well as the derivation of the energy
spectra. In addition we calculate the relativistic wave functions of the charged fermions that has not been done
in [7]. As regards the results obtained in [8, 9], we would like to accentuate that we solve the Dirac equation in
cylindrical coordinates and define the energy spectra in dependence on two quantum numbers, namely, the radial
quantum number nρ = 0, 1, 2, . . . and the magnetic quantum number m = 0,±1,±2, . . .. According to Mathews [10],
the “one–dimensional harmonic oscillator” description of relativistic fermions, moving in a uniform magnetic field,
cannot adequately cover the two-dimensional motion of fermions in the plane orthogonal to the magnetic field. Thus,
following Mathews [10], only a two–dimensional description in cylindrical coordinates with two quantum numbers
(nρ,m) can be used for the correct analysis of relativistic quantum states of fermions in a uniform magnetic field.
Of course, one may also use the principal quantum number n, which is a function of nρ and m, and the magnetic
quantum number m. In comparison with the results obtained in [8, 9] we discuss in more detail the dependence of the
relativistic wave functions on the magnetic quantum number, which testifies an infinite degeneration of the energy
levels of fermions in the “one–dimensional harmonic oscillator” representation [10] in a uniform magnetic field. It also
plays an important role for applications of the obtained results, for example to the neutron decay that requires the
2calculation matrix elements by integrating over the spatial coordinates and summation over quantum numbers.
The paper is organised as follows. In section 2 we give a detailed solution of the Dirac equation for charged fermions
with spin 12 and an anomalous magnetic moment κ. In section 3 we propose the solution of the Dirac equation for
neutral fermions with spin 12 and an anomalous magnetic moment κ. In section 4 we analyse the non–relativistic limit
of the relativistic wave functions and energy spectra, obtained in sections 2 and 3. In the Conclusion we discuss the
obtained results.
2. Solution of Dirac equation for charged fermions with anomalous magnetic moments in uniform magnetic
field
Let a fermion with mass M , spin 12 , electric charge Ze and an anomalous magnetic moment κ move in a uniform
magnetic field ~B = B~ez, directed along the z–axis, which coincides with the quantisation axis of the fermion spin.
The Dirac equation takes the form [2](
γµ(i∂µ − ZeAµ(x)) + λσµνFµν(x)−M
)
ψ(x) = 0, (1)
where x = (t, ~r ), γµ = (γ0, ~γ ) = (β, β ~α ) and σµν =
i
2 (γµγν−γνγµ) are Dirac matrices in the Dirac representation [2].
Then, λσµνF
µν(x) is the Pauli term, where λ = κZe/4M , Fµν(x) = ∂µAν(x)− ∂νAµ(x) is the electromagnetic field
strength and Aµ(x) = (A0(x), ~A(x)) is the electromagnetic potential. For a uniform magnetic field, where A0(x) = 0
and ~A(0, ~r ) = 12 (
~B × ~r ), Eq.(1) can be transcribed into the from
i
∂
∂t
ψ(x) =
(
~α · ~π − 2βλ ~Σ · ~B + βM
)
ψ(x). (2)
Here ~π = −i~∇ − Ze ~A is the operator of the canonical momentum of the fermion with charge Ze in a magnetic
field ~B and 2βλ ~Σ · ~B is the Pauli term, where ~Σ = γ0~γγ5 is a diagonal matrix diag(~σ, ~σ ), the elements of which
~σ = (σx, σy, σz) are Pauli 2 × 2 matrices [2]. Since we search for stationary solutions, we take the wave function of
the fermion in the following form
ψ(x) = e−iEt
(
ϕ(~r )
χ(~r )
)
, (3)
where ~r = (~r⊥, z) = (x, y, z) and ϕ(~r ) and χ(~r ) are two–component wave functions, obeying the equations(
E −M + 2λ~σ · ~B
)
ϕ(~r ) = ~σ · ~π χ(~r ),(
E +M − 2λ~σ · ~B
)
χ(~r ) = ~σ · ~π ϕ(~r ). (4)
Taking into account that the magnetic field is directed along the z–axis, we can rewrite Eq.(4) as follows(
E −M + 2λσzB
)
ϕ(~r ) =
(
σ+π− + σ−π+ + σzπz
)
χ(~r ),(
E +M − 2λσzB
)
χ(~r ) =
(
σ+π− + σ−π+ + σzπz
)
ϕ(~r ), (5)
where π± = πx ± iπy and πz = −i∂z. Specifying the direction of the fermion spin “up” and “down” as ↑ and ↓, the
two–component spinor wave functions take the form
ϕ(~r ) =
(
ϕ↑(~r )
ϕ↓(~r )
)
, χ(~r ) =
(
χ↑(~r )
χ↓(~r )
)
, (6)
where ϕ↑,↓ and χ↑,↓ are eigenfunctions of the σz–operator, i.e. σzϕ↑ = +ϕ↑, σzϕ↓ = −ϕ↓, σzχ↑ = +χ↑ and
σzχ↓ = −χ↓. Since the pz–component of the fermion is conserved, the wave functions ϕ↑,↓(~r ) and χ↑,↓(~r ) take the
form ϕ↑,↓(~r ) = ϕ↑,↓(~r⊥ ) e
ipzz and χ↑,↓(~r ) = χ↑,↓(~r⊥ ) e
ipzz, respectively. Substituting the wave functions Eq.(6) in
3Eq.(5) we find for the wave functions ϕ↑,↓(~r⊥ ) and χ↑,↓(~r⊥ ) the following system of first order differential equations
π+ϕ↑(~r⊥) =
(
E +M + 2λB
)
χ↓(~r⊥) + pz ϕ↓(~r⊥),
π−ϕ↓(~r⊥) =
(
E +M − 2λB
)
χ↑(~r⊥)− pz ϕ↑(~r⊥),
π+χ↑(~r⊥) =
(
E −M − 2λB
)
ϕ↓(~r⊥) + pz χ↓(~r⊥),
π−χ↓(~r⊥) =
(
E −M + 2λB
)
ϕ↑(~r⊥)− pz χ↑(~r⊥). (7)
Acting on these equations with the operators π± and using the commutation relation [π+, π−] = 2ZeB we arrive at
the system of second order differential equations(1
2
{π+, π−} − (E + 2λB)2 +M2 − ZeB + p2z
)
ϕ↑(~r⊥) = − 4λB pzχ↑(~r⊥),(1
2
{π+, π−} − (E − 2λB)2 +M2 + ZeB + p2z
)
ϕ↓(~r⊥) = − 4λB pzχ↓(~r⊥),(1
2
{π+, π−} − (E − 2λB)2 +M2 − ZeB + p2z
)
χ↑(~r⊥) = +4λB pzϕ↑(~r⊥),(1
2
{π+, π−} − (E + 2λB)2 +M2 + ZeB + p2z
)
χ↓(~r⊥) = +4λB pzϕ↓(~r⊥), (8)
where the components ↑ and ↓ of the wave functions are decoupled.
The disentangled components ϕ↑(~r⊥), χ↑(~r⊥) and ϕ↓(~r⊥), χ↓(~r⊥) of the fermion wave function are described by the
fourth order differential equations(1
2
{π+, π−} − E2⊥ +M2 − ZeB − 4λ2B2
)2
Φ↑(~r⊥) = 16λ
2B2E2⊥ Φ↑(~r⊥),(1
2
{π+, π−} − E2⊥ +M2 + ZeB − 4λ2B2
)2
Φ↓(~r⊥) = 16λ
2B2E2⊥ Φ↓(~r⊥), (9)
where Φ↑,↓(~r⊥) = ϕ↑,↓(~r⊥) or χ↑,↓(~r⊥) and E
2
⊥ = E
2 − p2z.
The fourth order differential equations Eq.(9) can be transmitted into the second order differential equations(1
2
{π+, π−} − E2⊥ +M2 − ZeB − 4λ2B2
)
Φ
(±)
↑ (~r⊥) = ±4λBE⊥Φ(±)↑ (~r⊥),(1
2
{π+, π−} − E2⊥ +M2 + ZeB − 4λ2B2
)
Φ
(±)
↓ (~r⊥) = ±4λBE⊥Φ(±)↓ (~r⊥), (10)
which can be rewritten in the following form(1
2
{π+, π−} − (E⊥ ± 2λB)2 +M2 − ZeB
)
Φ
(±)
↑ (~r⊥) = 0,(1
2
{π+, π−} − (E⊥ ± 2λB)2 +M2 + ZeB
)
Φ
(±)
↓ (~r⊥) = 0. (11)
We obtain the solutions of these equations in cylindrical coordinates ~r = (ρ, φ, z) [10], where they read (see also [10])[1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂φ2
− ZeB i ∂
∂φ
− Z
2e2B2ρ2
4
+ (E⊥ ± 2λB)2 −M2 + ZeB
]
Φ
(±)
↑ (~r⊥) = 0,[1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂φ2
− ZeB i ∂
∂φ
− Z
2e2B2ρ2
4
+ (E⊥ ± 2λB)2 −M2 − ZeB
]
Φ
(±)
↓ (~r⊥) = 0. (12)
We obtain the unnormalised solutions fnρ,m(~r⊥) of these equations in the form (see also [11, 12])
fnρ,m(~r⊥) = ρ
|m| L|m|nρ
( |Z|eBρ2
2
)
e−
|Z|eBρ2
4 eimφ, (13)
where nρ = 0, 1, 2, . . . and m = 0,±1,±2, . . . are the radial and magnetic quantum numbers [11], respectively,
L
|m|
nρ (|Z|eBρ2/2) are the generalised Laguerre polynomials, defined by [12]
L|m|nρ (ξ) = e
ξ ξ
−|m|
Γ(nρ + 1)
dnρ
dξnρ
(
e−ξξnρ+|m|
)
, (14)
4where ξ = |Z|eBρ2/2 for a fermion in a uniform magnetic field and Γ(nρ+1) is the Euler Γ–function Γ(nρ+1) = nρ!.
According to the definition of the generalised Laguerre polynomials Eq.(14), the polynomials vanish for nρ ≤ −1.
The energy spectra for the Φ
(±)
↑ (~r⊥) and Φ
(±)
↓ (~r⊥) components of the fermion wave functions are
E
(±,Z>0)
⊥↑,nρ,m
=
√
M2 + ZeB (2nρ + |m| −m)∓ 2λB,
E
(±,Z>0)
⊥↓,nρ,m
=
√
M2 + ZeB (2(nρ + 1) + |m| −m)∓ 2λB, (15)
and
E
(±,Z<0)
⊥↑,nρ,m
=
√
M2 + |Z|eB (2(nρ + 1) + |m|+m)∓ 2λB,
E
(±,Z<0)
⊥↓,nρ,m
=
√
M2 + |Z|eB (2nρ + |m|+m)∓ 2λB, (16)
for positively and negatively charged fermions, respectively.
In order to define the Dirac wave functions we have to take into account that ϕ
(±)
↑,↓ (~r⊥) and χ
(±)
↑,↓ (~r⊥) satisfy the
system of the first order differential equations Eq.(7). For this aim we use the following relations
π+fnρ,m(~r⊥) = − i ρ|m|−1 e−
|Z|eB
4 ρ
2
ei(m+1)φ
[
(|m| −m)L|m|nρ −
(|Z| − Z)eB
2
ρ2L|m|nρ + ρ
dL
|m|
nρ
dρ
]
,
π−fnρ,m(~r⊥) = − i ρ|m|−1 e−
|Z|eB
4 ρ
2
ei(m−1)φ
[
(|m|+m)L|m|nρ −
(|Z|+ Z)eB
2
ρ2L|m|nρ + ρ
dL
|m|
nρ
dρ
]
. (17)
For positively charged fermions Z > 0 and the states with a magnetic number m ≥ 0 we get the relations
π+fnρ,m(~r⊥) = + iZeB fnρ−1,m+1(~r⊥),
π−fnρ−1,m+1(~r⊥) = − 2i nρ fnρ,m(~r⊥). (18)
In turn for fermions with Z > 0 and the states with a magnetic number m < 0 the corresponding relations are
π+fnρ,m(~r⊥) = − 2i (nρ + |m|) fnρ,m+1(~r⊥),
π−fnρ,m+1(~r⊥) = + i ZeB fnρ,m(~r⊥). (19)
For negatively charged fermions Z < 0 and the states with magnetic number m ≥ 0 we obtain the relations
π+fnρ,m(~r⊥) = + i|Z|eB fnρ,m+1(~r⊥),
π−fnρ,m+1(~r⊥) = − 2i (nρ +m+ 1) fnρ,m(~r⊥), (20)
and for fermions with Z < 0 and magnetic number m < 0 we finally obtain
π+fnρ,m(~r⊥) = − 2i (nρ + 1) fnρ+1,m+1(~r⊥),
π−fnρ+1,m+1(~r⊥) = + i |Z|eB fnρ,m(~r⊥). (21)
As a result the Dirac wave functions of charged fermions with anomalous magnetic moments are defined by
ψ
(±,Z>0)
nρ,m≥0,pz
(x) =


A1 fnρ,m(~r⊥)
A2 fnρ−1,m+1(~r⊥)
A3 fnρ,m(~r⊥)
A4 fnρ−1,m+1(~r⊥)

 e−iE(±,Z>0)nρ,m≥0 t+ipzz , ψ(±,Z>0)nρ,m<0,pz(x) =


B1 fnρ,m(~r⊥)
B2 fnρ,m+1(~r⊥)
B3 fnρ,m(~r⊥)
B4 fnρ,m+1(~r⊥)

 e−iE(±,Z>0)nρ,m<0 t+ipzz, (22)
and
ψ
(±,Z<0)
nρ,m≥0
(x) =


C1 fnρ−1,m(~r⊥)
C2 fnρ−1,m+1(~r⊥)
C3 fnρ−1,m(~r⊥)
C4 fnρ−1,m+1(~r⊥)

 e−iE(±,Z<0)nρ,m≥0 t+ipzz , ψ(±,Z<0)nρ,m<0 (x) =


D1 fnρ−1,m(~r⊥)
D2 fnρ,m+1(~r⊥)
D3 fnρ−1,m(~r⊥)
D4 fnρ,m+1(~r⊥)

 e−iE(±,Z<0)nρ,m<0 t+ipzz, (23)
5where nρ = 0, 1, . . . and m = 0,±1,±2, . . .. The relativistic energy spectra are given for Z > 0 by
E(±,Z>0)nρ,m =
√
(
√
M2 + |Z|eB (2nρ + |m| −m)∓ 2λB)2 + p2z, (24)
and for Z < 0 by
E(±,Z<0)nρ,m =
√
(
√
M2 + |Z|eB (2nρ + |m|+m)∓ 2λB)2 + p2z. (25)
The Dirac wave functions are normalised by∫
d3xψ
(σ′,Z)†
n′ρ,m
′,p′z
(x)ψ(σ,Z)nρ,m,pz(x) = 2E
(σ,Z)
nρ,m
(2π)3 δnρn′ρδmm′ δ(pz − p′z) δσ′σ, (26)
where σ = ±. For the calculation of the normalisation constants we use the following relation∫
d2x f∗n′ρ,m′(~r⊥)fnρ,m(~r⊥) =
π(nρ + |m|)!2|m|+1
nρ!(|Z|eB)|m|+1 δnρn
′
ρ
δmm′ . (27)
Substituting Eq.(22) and Eq.(23) into Eq.(7) we arrive at a system of algebraical equations for the normalisation
constants Ai, Bi, Ci and Di for i = 1, 2, 3, 4. Solving these equations together with the normalisation condition
Eq.(26) and using Eq.(27) we obtain the following normalised Dirac wave functions of positively charged (Z > 0)
fermions
ψ
(±,Z>0)
nρ,m≥0,pz
(x) =
√
π(nρ − 1)!(ZeB)m+2
2m+1(nρ +m)!
1√
(E
(±,Z>0)
nρ,m≥0
± E(±,Z>0)⊥,nρ,m≥0)(E
(±,Z>0)
⊥,nρ,m≥0
± 2λB)(E(±,Z>0)⊥,nρ,m≥0 ± 2λB ∓M)
×


2inρ (E
(±,Z>0)
nρ,m≥0
± E(±,Z>0)⊥,nρ,m≥0) fnρ,m(~r⊥)
±pz(E(±,Z>0)⊥,nρ,m≥0 ± 2λB ∓M) fnρ−1,m+1(~r⊥)
2inρpz fnρ,m(~r⊥)
∓(E(±,Z>0)⊥,nρ,m≥0 ± 2λB ∓M) (E
(±,Z>0)
nρ,m≥0
± E(±,Z>0)⊥,nρ,m≥0) fnρ−1,m+1(~r⊥)

 e−iE
(±,Z>0)
nρ,m≥0
t+ipzz , (28)
and
ψ
(±,Z>0)
nρ,m<0,pz
(x) =
√
πnρ!(ZeB)|m|
2|m|−1(nρ + |m| − 1)!
1√
(E
(±,Z>0)
nρ,m<0
± E(±,Z>0)⊥,nρ,m<0)(E
(±,Z>0)
⊥,nρ,m<0
± 2λB)(E(±,Z>0)⊥,nρ,m<0 ± 2λB ∓M)
×


iZeB (E
(±,Z>0)
nρ,m<0
± E(±,Z>0)⊥,nρ,m ) fnρ,m(~r⊥)
∓pz(E(±,Z>0)⊥,nρ,m<0 ± 2λB ∓M) fnρ,m+1(~r⊥)
iZeBpz fnρ,m(~r⊥)
±(E(±,Z>0)⊥,nρ,m<0 ± 2λB ∓M) (E
(±,Z>0)
nρ,m<0
± E(±,Z>0)⊥,nρ,m<0) fnρ,m+1(~r⊥)

 e−iE
(±,Z>0)
nρ,m<0
t+ipzz, (29)
and negatively charged (Z < 0) fermions
ψ
(±,Z<0)
nρ,m≥0,pz
(x) =
√
π(nρ − 1)!(|Z|eB)m+2
2m+1(nρ +m)!
1√
(E
(±,Z<0)
nρ,m≥0
± E(±,Z<0)⊥,nρ,m≥0)(E
(±,Z<0)
⊥,nρ,m≥0
± 2λB)(E(±,Z<0)⊥,nρ,m≥0 ± 2λB ∓M)
×


2i(nρ +m) (E
(±,Z<0)
nρ,m≥0
± E(±,Z<0)⊥,nρ,m≥0) fnρ−1,m(~r⊥)
±pz(E(±,Z<0)⊥,nρ,m≥0 ± 2λB ∓M) fnρ−1,m+1(~r⊥)
2i(nρ +m) pz fnρ−1,m(~r⊥)
∓(E(±,Z<0)⊥,nρ,m≥0 ± 2λB ∓M) (E
(±,Z<0)
nρ,m≥0
± E(±,Z<0)⊥,nρ,m≥0) fnρ−1,m+1(~r⊥)

 e−iE
(±,Z<0)
nρ,m≥0
t+ipzz , (30)
6and
ψ
(±,Z<0)
nρ,m<0,pz
(x) =
√
πnρ!(|Z|eB)|m|
2|m|−1(nρ + |m| − 1)!
1√
(E
(±,Z<0)
nρ,m<0
± E(±,Z<0)⊥,nρ,m<0)(E
(±,Z<0)
⊥,nρ,m<0
± 2λB)(E(±,Z<0)⊥,nρ,m<0 ± 2λB ∓M)
×


i|Z|eB (E(±,Z<0)nρ,m<0 ± E
(±,Z<0)
⊥,nρ,m<0
) fnρ−1,m(~r⊥)
∓pz(E(±,Z<0)⊥,nρ,m<0 ± 2λB ∓M) fnρ,m+1(~r⊥)
i|Z|eBpz fnρ−1,m(~r⊥)
±(E(±,Z<0)⊥,nρ,m<0 ± 2λB ∓M) (E
(±,Z<0)
nρ,m<0
± E(±,Z<0)⊥,nρ,m<0) fnρ,m+1(~r⊥)

 e−iE
(±,Z<0)
nρ,m<0
t+ipzz, (31)
where nρ = 0, 1, 2, . . . and m = 0,±1,±2, . . ..
3. Solution of Dirac equation for neutral fermions with anomalous magnetic moments in uniform magnetic
field
For a neutral fermion with mass M and an anomalous magnetic moment κ, moving in a uniform magnetic field,
the Dirac equation takes the form
i
∂
∂t
ψ(x) =
(
− i~α · ~∇− 2βλ ~Σ · ~B + βM
)
ψ(x), (32)
where λ = κe/4M . Directing a magnetic field along the z–axis ~B = B~ez and separating longitudinal and transverse
degrees of freedom relative to the magnetic field, the Dirac equation Eq.(32) can be transformed into the system
of first order differential equations, which can be obtained from Eq.(7) with Z = 0 with coupled large and small
components of the Dirac bispinor wave function, and then to the second order differential equation with decoupled
large and small components of the Dirac wave function(1
2
{π+, π−} − (E⊥ ± 2λB)2 +M2
)
Φ(±)(~r⊥) = 0, (33)
which can be obtained from Eq.(11) with Z = 0. For neutral fermions the ”up” and ”down” solutions coincide, i.e.
Φ(±)(~r⊥) = Φ
(±)
↑ (~r⊥) = Φ
(±)
↓ (~r⊥). Since for neutral fermions the canonical momentum operator is ~π = −i∇, in
Cartesian coordinates Eq.(32) takes the form(
△⊥ +(E⊥ ± 2λB)2 −M2
)
Φ(±)(~r⊥) = 0, (34)
with △⊥ = ∂2x + ∂2y . The solution of this equation can be taken in the form of a plane wave Φ(±)(~r⊥) ∼ e i~p⊥·~r⊥ . As
a result the energy spectrum of the transverse motion of neutral fermions with anomalous magnetic moments in a
uniform magnetic field is given by
E
(±)
⊥ =
√
M2 + ~p 2⊥ ∓ 2λB, (35)
with ~p 2⊥ = p
2
x + p
2
y. The Dirac bispinor wave functions of a neutral fermion with an anomalous magnetic moment κ,
moving in a uniform magnetic field, we search in the form
ψ
(±)
~p (x) =


F1
F2
F3
F4

 e−iE(±)~p t+i~p·~r. (36)
The wave functions Eq.(36) are normalised as∫
d3xψ
(σ′)
~p′ (x)ψ
(σ)
~p (x) = 2E
(σ)
~p (2π)
3 δ(3)(~p ′ − ~p ) δσ′σ, (37)
where E
(σ)
~p =
√
E
(σ)2
⊥ + p
2
z for σ = ±.
7Substituting Eq.(36) into Eq.(7) at Z = 0 we arrive at a system of algebraical equations for the normalisation
constants Fi for i = 1, 2, 3, 4. Solving these equations together with the normalisation condition Eq.(37) we obtain
the normalised Dirac wave functions of neutral fermions
ψ
(±)
~p (x) =
1√
2(E
(±)
~p ± E(±)⊥ )(E(±)⊥ ± 2λB)(E(±)⊥ ± 2λB ∓M)
×


(px − ipy)(E(±)~p ± E(±)⊥ )
∓pz (E(±)⊥ ± 2λB ∓M)
pz (px − ipy)
±(E(±)~p ± E(±)⊥ )(E(±)⊥ ± 2λB ∓M)

 e−iE
(±)
~p
t+i~p·~r. (38)
Our solutions for the relativistic wave functions of the neutral fermions with anomalous magnetic moments, moving
in a uniform magnetic field, agree well with those, obtained in [3].
4. Non–relativistic limit of solutions of Dirac equation for charged and neutral fermions with anomalous
magnetic moments in uniform magnetic field
In this section we investigate the non–relativistic limits of the relativistic wave functions of the charged and neutral
fermions and their energy spectra. For the positively and negatively charged fermions in the states (±, Z > 0) and
(±, Z < 0) the wave functions take the form
ψ(+,Z>0)nρ,m,pz (x) = 2π
√
2M
√
nρ!(ZeB)|m|+1
π(nρ + |m|)!2|m|+1


1
0
0
0

 ρ|m|L|m|nρ
( |Z|eBρ2
2
)
e−
1
4 |Z|eBρ
2
eimφ
×e−iE(+,Z>0)nρ,m t+ipzz,
ψ
(−,Z>0)
nρ,m≥0,pz
(x) = 2π
√
2M
√
(nρ − 1)!(ZeB)m+2
π(nρ +m)!2m+2


0
1
0
0

 ρm+1Lm+1nρ−1
( |Z|eBρ2
2
)
e−
1
4 |Z|eBρ
2
ei(m+1)φ
×e−iE(−,Z>0)nρ,m t+ipzz ,
ψ
(−,Z>0)
nρ,m<0,pz
(x) = 2π
√
2M
√
nρ!(ZeB)|m|
π(nρ + |m| − 1)!2|m|


0
1
0
0

 ρ|m|−1L|m|−1nρ
( |Z|eBρ2
2
)
e−
1
4 |Z|eBρ
2
ei(m+1)φ
×e−iE(−,Z>0)nρ,m t+ipzz , (39)
8and
ψ(+,Z<0)nρ,m,pz (x) = 2π
√
2M
√
(nρ − 1)!(|Z|eB)|m|+1
π(nρ + |m| − 1)!2|m|+1


1
0
0
0

 ρ|m| L|m|nρ−1( |Z|eB2 ρ2
)
e−
1
4 |Z|eBρ
2
eimφ
×e−iE(+,Z<0)nρ,m t+ipzz,
ψ
(−,Z<0)
nρ,m≥0,pz
(x) = 2π
√
2M
√
(nρ − 1)!(|Z|eB)m+2
π(nρ +m)!2m+2


0
1
0
0

 ρm+1 Lm+1nρ−1
( |Z|eB
2
ρ2
)
e−
1
4 |Z|eBρ
2
ei(m+1)φ
×e−iE(+,Z<0)nρ,m t+ipzz,
ψ
(−,Z<0)
nρ,m<0,pz
(x) = 2π
√
2M
√
nρ!(|Z|eB)|m|
π(nρ + |m| − 1)!2|m|


0
1
0
0

 ρ|m|−1L|m|−1nρ
( |Z|eB
2
ρ2
)
e−
1
4 |Z|eBρ
2
ei(m+1)φ
×e−iE(+,Z<0)nρ,m t+ipzz, (40)
where nρ = 0, 1, 2, . . . and m = 0,±1,±2, . . .. The wave functions Eq.(39) and Eq.(40) are defined up to unessential
phase factors.
In the non–relativistic approximation the energy spectra E(±,Z≷0)nρ,m = E(±,Z≷0)nρ,m −M of charged fermions in a uniform
magnetic field can be written in the form
E(+,Z>0)nρ,m =
ZeB
M
(
nρ +
|m| −m+ 1
2
)
− 1
2
µ
ZeB
M
+
p2z
2M
,
E(−,Z>0)nρ,m≥0 =
ZeB
M
(
nρ − 1 + (|m|+ 1)− (m+ 1) + 1
2
)
+
1
2
µ
ZeB
M
+
p2z
2M
,
E(−,Z>0)nρ,m<0 =
ZeB
M
(
nρ +
(|m| − 1)− (m+ 1) + 1
2
)
+
1
2
µ
ZeB
M
+
p2z
2M
,
E(+,Z<0)nρ,m =
|Z|eB
M
(
nρ − 1 + |m|+m+ 1
2
)
+
1
2
µ
|Z|eB
M
+
p2z
2M
,
E(−,Z<0)nρ,m≥0 =
|Z|eB
M
(
nρ − 1 + (|m|+ 1) + (m+ 1) + 1
2
)
− 1
2
µ
|Z|eB
M
+
p2z
2M
,
E(−,Z<0)nρ,m<0 =
|Z|eB
M
(
nρ +
(|m| − 1) + (m+ 1) + 1
2
)
− 1
2
µ
|Z|eB
M
+
p2z
2M
. (41)
The terms, proportional to a total magnetic moment µ = 1 + κ, correspond to the Pauli energy splitting [11]. The
non–relativistic energy spectra Eq.(41) correspond to the quantum states, described by the non–relativistic wave
functions Eq.(39) and Eq.(40) of positively and negatively charged fermions.
Using the properties of the Laguerre polynomials [12] we may make a change of the quantum numbers nρ− 1→ nρ
for the second wave function of Eq.(39) as well as the first and second one of Eq.(40). Additionally, all wave functions
with polarisation down are shifted m + 1 → m. This brings the non–relativistic wave functions of positively and
negatively charged fermions in Eq.(39) and Eq.(40) to a unified form
ψ(±,Z≷0)nρ,m,pz (x) = 2π
√
2M
√
nρ!(|Z|eB)|m|+1
π(nρ + |m|)!2|m|+1 ϕ± ρ
|m|L|m|nρ
( |Z|eBρ2
2
)
e−
1
4 |Z|eBρ
2
eimφe
−iE(+,Z≷0)nρ,m t+ipzz , (42)
agreeing fully with the non–relativistic wave functions obtained in [11], ϕ± are the wave functions with elements
ϕ+ = (1, 0, 0, 0) and ϕ− = (0, 1, 0, 0), respectively. These wave functions describe the non–relativistic quantum states
with the energy spectra
E(±,Z>0)nρ,m =
ZeB
M
(
nρ +
|m| −m+ 1
2
)
∓ 1
2
µ
ZeB
M
+
p2z
2M
,
E(±,Z<0)nρ,m =
|Z|eB
M
(
nρ +
(|m|+m+ 1
2
)
± 1
2
µ
|Z|eB
M
+
p2z
2M
, (43)
9for positively and negatively charged fermions, respectively, with quantum numbers nρ = 0, 1, . . . and m = 0,±1, . . ..
In the non–relativistic limit the wave functions of a neutral fermion with an anomalous magnetic moment κ are
equal to
ψ
(+)
~p (x) =
√
2M


1
0
0
0

 e−iE(+)~p t+i~p·~r , ψ(−)~p (x) = √2M


0
1
0
0

 e−iE(−)~p t+i~p·~r. (44)
The energy spectra E(±)~p are given by
E(±)~p =
~p 2
2M
∓ 1
2
κ
eB
M
. (45)
The Pauli energy splitting is defined by the last term in Eq.(44) [11].
5. Quantum states of charged fermions with anomalous magnetic moments in uniform magnetic field with
radial quantum number nρ = 0
The analysis of quantum states with zero quantum numbers is one of the most important mathematical problems
of Quantum mechanics [11] as a part of Mathematical physics [12]. In section 2 we have found the relativistic wave
functions and energy spectra of charged fermions with anomalous magnetic moments coupled to a uniform magnetic
field. These wave functions have a rather complicated dependence on the radial quantum number nρ, which does
not make obvious the existence of the correct quantum states for nρ = 0. In this section, skipping rather tedious
and cumbersome intermediate calculation we adduce the wave functions of quantum states of charged fermions with
anomalous magnetic moments, moving in a uniform magnetic field with radial quantum number nρ = 0.
First, we consider the quantum states described by the wave functions Eq.(28) and Eq.(31), the energy spectra of
which do not depend on the magnetic quantum number. Taking the wave functions Eq.(28) and Eq.(31) in the limit
nρ → 0 with arbitrary magnetic quantum numbers m and skipping intermediate calculations we obtain the following
expressions
ψ
(+,Z>0)
0,m≥0,pz
(x) = i
√
π(ZeB)m+1
2m−1m!
√
E
(+,Z>0)
0,m≥0 + E
(+,Z>0)
⊥,0,m≥0


f0,m(~r⊥)
0
pz
E
(+,Z>0)
0,m≥0 + E
(+,Z>0)
⊥,0,m≥0
f0,m(~r⊥)
0

 e−iE
(+,Z>0)
0,m≥0
t+ipzz,
ψ
(−,Z>0)
0,m≥0,pz
(x) = 0,
ψ
(+,Z<0)
0,m<0,pz
(x) = 0,
ψ
(−,Z<0)
0,m<0,pz
(x) =
√
π(|Z|eB)|m|
2|m|−2(|m| − 1)!
√
E
(−,Z<0)
0,m<0 + E
(−,Z<0)
⊥,0,m<0


0
f0,m+1(~r⊥)
0
− pz
E
(−,Z<0)
0,m<0 + E
(−,Z<0)
⊥,0,m<0
f0,m+1(~r⊥)

 e−iE
(−m,Z<0)
0,m<0 t+ipzz.
(46)
The quantum states of positively charged fermions, described by the wave functions Eq.(29), depend on the radial
quantum number nρ and the magnetic quantum number m < 0, i.e. m = −1,−2, . . .. Setting nρ = 0 we obtain
ψ
(±,Z>0)
0,m<0,pz
(x) =
√
π(ZeB)|m|
2|m|−1(|m| − 1)!
1√
(E
(±,Z>0)
0,m<0 ± E(±,Z>0)⊥,0,m<0)(E(±,Z>0)⊥,0,m<0 ± 2λB)(E(±,Z>0)⊥,0,m<0 ± 2λB ∓M)
×


iZeB (E
(±,Z>0)
0,m<0 ± E(±,Z>0)⊥,0,m<0) f0,m(~r⊥)
∓pz(E(±,Z>0)⊥,0,m<0 ± 2λB ∓M) f0,m+1(~r⊥)
iZeBpz f0,m(~r⊥)
±(E(±,Z>0)⊥,0,m<0 ± 2λB ∓M) (E(±,Z>0)0,m<0 ± E(±,Z>0)⊥,0,m<0) f0,m+1(~r⊥)

 e−iE(±,Z>0)0,m<0 t+ipzz. (47)
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The wave functions Eq.(30) describe the quantum states of negatively charged fermions with anomalous magnetic
moments, characterised by the radial quantum number nρ and the magnetic quantum number m ≥ 0, i.e. m =
0,+1,+2, . . .. The quantum states, characterised by the quantum numbers nρ = 0, m ≥ 0 are defined by the wave
functions
ψ
(±,Z<0)
0,m≥0,pz
(x) = 0. (48)
The properties of the relativistic wave functions obtained at nρ = 0 q, taken in the non–relativistic limit, agree well
with the properties of the non–relativistic wave functions, given in Eq.(39) and Eq.(40).
6. Conclusive discussion
We have proposed a solution of the Dirac equation for charged and neutral fermions with spin 12 and anomalous
magnetic moments, moving in a uniform magnetic field. It is well–known that the Dirac equation, describing the
motion of a relativistic fermion with spin 12 in any external field, can be transformed into a system of first order
differential equations for the wave functions of the coupled up and down spin states of the large and small components
of the Dirac wave function [2]. The procedure of a disentanglement of the up and down spin states of the large
and small components of the Dirac wave function depends on the structure of the external field and, of course, the
properties of the fermions. For charged fermions without anomalous magnetic moment the differential equations,
describing the wave functions of the disentangled up and down spin states, are of second order [1, 4]–[7]. As we
have shown above, a non-vanishing anomalous magnetic moment leads to fourth order differential equations for the
disentangled up and down spin states. This agrees well with the analysis of the energy spectra of charged fermions with
spin 12 and anomalous magnetic moment carried out in [7]. These fourth order differential equations can be reduced
to second order ones with eigenvalues yielding the Pauli energy splitting. The wave functions of the disentangled up
and down spin states are calculated in cylindrical coordinates in terms of the generalised Laguerre polynomials L
|m|
nρ
and circular functions eimφ, depending on the radial quantum number nρ = 0, 1, 2, . . . and the magnetic quantum
number m = 0,±1,±2, . . .. According to [10], only the solutions of the Dirac equation in cylindrical coordinates for
charged fermions, moving in a uniform magnetic field, can adequately describe a two–dimensional motion of fermions
in the plane orthogonal to a uniform magnetic field.
For the calculation of the normalised Dirac wave functions we use the system of first order differential equations
for the wave functions Eq.(7) of the coupled up and down spin states and the normalisation conditions Eq.(26) and
Eq.(37) for charged and neutral fermions, respectively. In the limit of vanishing anomalous magnetic moment, κ = 0,
the obtained Dirac wave functions coincide with those, given in [1, 3]–[7]. In comparison with the wave functions,
obtained in [3], the solutions, proposed above, are more detailed and convenient for applications.
In the non–relativistic limit the wave functions of the charged fermions coincide with the well–known solutions
of the Schro¨dinger equation [11]. The relativistic wave functions of a neutral fermion with an anomalous magnetic
moment, moving in a uniform magnetic field, have a shape of plane waves with an energy spectrum, splitted by the
interaction of its anomalous magnetic moment with a uniform magnetic field.
The relativistic energy spectra of charged fermions in a uniform magnetic field are calculated in dependence of the
radial nρ = 0, 1, 2, . . . and magnetic m = 0,±1,±2, . . . quantum numbers. All of these energy levels have an additional
splitting, which is caused by the interaction of the anomalous magnetic moments of fermions with a uniform magnetic
field. The energy spectra of positively charged fermions with positive magnetic quantum number and negatively
charged fermions with negative magnetic quantum numbers are infinitely degenerated [10]. In the non–relativistic
limit the energy spectra reproduce the well–known Landau energy spectra with the Pauli energy splitting [11].
Of course, the wave functions and the energy spectra of charged fermions, given in terms of the radial nρ and
magnetic m quantum numbers, can be presented in terms of the principal quantum number n, expressed in terms of
the radial and magnetic quantum numbers, and the magnetic quantum number m. However, such a definition of the
fermion states in a uniform magnetic field is not convenient for practical calculations.
Comparing our results with those, obtained in [7]–[9], we would like to accentuate that our technique of the solution
of the Dirac equation is similar to that used in [7] but simpler. In addition to the energy spectra, which were obtained
in [7], we have calculated the relativistic wave functions. As regards the results, obtained in [8, 9], where the solutions
of the Dirac equation were found in the “number of states” representation, we have calculated not only the wave
functions and energy spectra, but also investigated a detailed dependence of the relativistic wave functions on the
magnetic quantum number and analysed their non–relativistic limits. A detailed behaviour of the relativistic wave
functions and their exact dependence on the quantum numbers play an important role for applications of the obtained
results, for example, to the neutron β−–decay.
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